We propose measurements of the deeply virtual Compton amplitude (DVCS) γ * → HHγ in the timelike t = (pH + pH) 2 > 0 kinematic domain which is accessible at electron-positron colliders via the radiative annihilation process e + e − → HHγ. These processes allow the measurement of timelike deeply virtual Compton scattering for a variety of HH hadron pairs such as π + π − , K + K − , and DD as well as pp. As in the conventional spacelike DVCS, there are interfering coherent amplitudes contributing to the timelike processes involving C = − form factors. The interference between the amplitudes measures the phase of the C = + timelike DVCS amplitude relative to the phase of the timelike form factors and can be isolated by considering the forward-backward e + ↔ e − asymmetry. The J = 0 fixed pole contribution which arises from the local coupling of the two photons to the quark current plays a special role. As an example we present a simple model.
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I. INTRODUCTION
Deeply virtual Compton scattering γ * (q) + p(p) → γ(k) + p(p ′ ), where the virtuality of the initial photon −q 2 is large, measures hadronic matrix elements of the current commutator < p ′ |[J µ (x), J ν (0)]|p > and has become a key focus in QCD, because of its direct sensitivity to fundamental hadron structure. Assuming the handbag approximation [1] , interactions between the virtual and real photons can be ignored, so that at large spacelike q 2 one measures matrix elements of elementary quark commutators e 2 q < p ′ |j µ q (x), j ν q (0)]|p > and each DVCS helicity amplitude factorizes as a convolution in x of the hard γ * q → γq Compton amplitude with a hadronic sub-amplitude constructed from the Generalized Parton Distributions (GPDs) H(x, ξ, t), E(x, ξ, t), H(x, ξ, t) andẼ(x, ξ, t). Here x is the light cone momentum fraction of the struck quark, and the skewness 2ξ = Q 2 /(2P · q) measures the longitudinal momentum transfer in the DVCS process.
The DVCS helicity amplitudes can be constructed in the light-front formalism from the overlap of the target hadron's light-front wave functions [2, 3] . Since the DVCS process involves off-forward hadronic matrix elements of light-front bilocal currents, the overlaps are in general non-diagonal in particle number, unlike ordinary parton distributions. Thus in the case of GPDs, one requires not only the diagonal parton number conserving n → n overlap of the initial and final light-front wavefunctions, but also an off-diagonal n + 1 → n − 1 overlap, where the parton number is decreased by two. Thus the GPDs measure hadron structure at the amplitude level in contrast to the probabilistic properties of parton distribution functions. In the forward limit of zero momentum transfer, the GPDs reduce to ordinary parton distributions; on the other hand, the integration of GPDs over x at fixed skewness 2ξ = Q 2 /2P · q reduces them to electromagnetic and gravitational form factors. One also obtains information on the orbital angular momentum carried by quarks.
The Fourier transform of the deeply virtual Compton scattering amplitude (DVCS) with respect to the skewness parameter 2ξ = Q 2 /2P · q can be used to provide an image of the target hadron in the boost-invariant variable σ, the coordinate conjugate to light-front time τ = t + z/c [4, 5] . The Fourier Transform (FT) of the GPDs with respect to the transverse momentum transfer ∆ ⊥ in the idealized limit ξ = 0 measures the impact parameter dependent parton distributions q(x, b ⊥ ) defined from the absolute squares of the hadron's light-front wave functions (LFWFs) in x and impact space [6, 7, 8, 9, 10] .
Virtual Compton scattering is normally measured in radiative electron-proton scattering ep → e ′ γp ′ , where the photon virtuality q 2 = (p ′ e − p e ) 2 < 0 and the momentum transfer to the target proton t = (p ′ − p) 2 < 0 are spacelike. The real part of the DVCS amplitude can be measured by using the interference with the coherent Bethe-Heitler bremsstrahlung contribution where the real photon is emitted from the lepton in ep → e ′ γp ′ . The interference of the DVCS amplitude and the coherent Bethe-Heitler amplitude leads to an e ± asymmetry which is related to the real part of the DVCS amplitude [11] . The imaginary part can also be accessed through various spin asymmetries [12] . In the deep inelastic inclusive case, the electron-positron beam asymmetry gives a three-current correlator which is sensitive to the cube of the quark charges [13] .
In this paper we will discuss possible measurements of the DVCS amplitude in the timelike or t > 0 kinematic domain, where t = W 2 = (p H + pH ) 2 is the mass of the produced hadron pair. The processes we consider is the radiative annihilation process e + e − → HHγ [18] , which is accessible at electron-positron colliders and measures the timelike DVCS amplitude M(γ * (q) → γHH) illustrated in Fig. 1(a) . We focus on pp hadronic pairs, but many of the considerations apply for a variety of HH hadron pairs including π + π − , K + K − , and DD. The hadronic matrix element is C-even since two photons attach to it. There are also Bethe-Heitler or C-odd processes, Fig. 1(b) , that lead to the same final state.
We present sample model calculations for kinematic conditions of existing electron-positron colliders. Relevant kinematics is chosen for tau-charm factories, s=14 GeV 2 (BEPCII) and B-factories, s=112 GeV 2 (Babar at PEPII and Belle at KEKB) [14] . The increased luminosity of the electron-positron colliders, such as the projected SuperB facility [15] , will facilitate studies of the exclusive reactions at high transferred momenta, an example of which is considered in our paper. We note that the use of a radiative return method (see Ref. [16] and references therein) would allow studies of the reaction of interest in a broad range of Mandelstam s.
Doubly virtual timelike DVCS [19] is also accessible using electron-positron colliders. One uses the process e + e − → e + e − HH, illustrated in Fig. 2(a) , to measure the amplitude M(γ * (q)γ * (q ′ ) → HH) where one or both initial photons are highly spacelike. This process also has interfering Bethe-Heitler companion processes leading to the same final state, as in Fig. 2(b) . We defer further consideration of doubly virtual processes to a future discussion.
A process worthy of mention at this point is shown in Fig. 2(c) . It is production of hadron pairs from photon pairs where one photon is virtual, but in contrast to our process is spacelike rather than timelike, and the other photon is real, but again in contrast to our process is incoming rather than outgoing. This process is studied in Ref. [20] for outgoing pions. These authors give the amplitude in terms of a two-hadron matrix element that they call the "generalized distribution amplitude," which we might prefer to call a timelike generalized parton distribution, and whose analog we discuss in Sec. II C.
The phrase "timelike Compton scattering" has also been applied to the process γp → e + e − p [21] , Fig. 2 (d), which is timelike in the sense that the outgoing photon is timelike. However, this process still has spacelike momentum transfer to the nucleon, and so measures nucleon information complementary to what we are targeting here. Also, having a pre-existing nucleon allows modeling based on known parton distribution functions, a type of modeling which is not possible here.
Measurements of the radiative annihilation process can provide valuable new information on the analytic continuation of the DVCS amplitude. The contributions to DVCS from Regge exchange in the spacelike t < 0 domain correspond to C = + neutral resonances in timelike domain. The local coupling of two photons to the fundamental quark currents of a hadron gives a J = 0 fixed Regge pole contribution (i.e., a contribution to the amplitude that is real and constant in energy, though not necessarily constant in momentum transfer) to the Compton amplitude proportional to the charge squared of the struck quark, a contribution which has no analog in hadron scattering reactions [22, 23, 24, 25] .
In the case of ordinary spacelike DVCS this local contribution is universal, giving the same contribution for real or virtual Compton scattering for any photon virtuality and skewness at fixed momentum transfer squared t. The t-dependence of this J = 0 fixed Regge pole is parameterized by a yet unmeasured even chargeconjugation form factor of the target nucleon. In the spacelike region, this gives an amplitude which behaves as s 0 F + (t) for s >> −t corresponding to a local scalar probe. One can analytically continue the J = 0 amplitude to a local form independent of photon virtuality at fixed t. It is characterized by a complex timelike form factor F + (t = W 2 > 0) dominated by scalar meson resonances.
The J = 0 contribution in DVCS arises when both photons attach locally in the same quark propagator. This term is the seagull interaction in the case of charged scalar quarks. The same local two-photon interaction also emerges for spin-1/2 from the usual handbag Feynman diagram for Compton scattering. The numerator of the quark propagator γ · k F + m appearing between the two photons in the handbag contributions to the Compton amplitude contains a specific term γ + δk − /2 which cancels the k 2 F − m 2 Feynman denominator, leaving a local term inversely proportional to k + . This can also be identified with the instantaneous fermion exchange contribution in the light-front Hamiltonian formulation of QCD [26] . Thus in the spin-1/2 case, the two-photon interaction is local in impact space and light-front time
A key feature of the J = 0 amplitude is its independence of both s and photon virtuality q 2 at fixed t.
As already noted, for each DVCS amplitude there is an interfering coherent Bethe-Heitler amplitude where the hadronic matrix element is C-odd. The interference between the amplitudes can be isolated by considering the e + ↔ e − asymmetry. or the timelike cases, this does not require a separate experiment, but is equivalent to a forward-backward e + ↔ e − angular asymmetry in the same experiment.
The e + ↔ e − asymmetry measures
which in turn measures the relative phase of the C-even DVCS amplitude and the timelike form factors. The QED equivalents of these amplitudes, where hadrons are replaced by muons, are useful to give a first estimate of the magnitude of the e + ↔ e − asymmetry. In this paper we obtain a simple hadronic estimate by modeling the pp timelike hadronic DVCS amplitude as the QED amplitude multiplied by a C-even timelike form factor R V (ξ, W 2 ), which is related to the timelike generalized parton distribution, or the generalized distribution amplitude. After developing the kinematics, we will calculated the e + ↔ e − asymmetry in a simplified model, where the input to the timelike DVCS from hadron structure appears only as a function of t = W 2 = (q − q ′ ) 2 and independent of s or q 2 . One can say that this model simulates the C-even Compton amplitude as a J = 0 fixed pole amplitude with Regge behavior s 0 at fixed t. The C = − amplitude is taken as the corresponding muon pair amplitude times Dirac form factor F 1 (W 2 ). Of related interest is the C = + form factor R V (t) from real wide-angle Compton scattering. It is defined ratio of the measured real Compton amplitude M (γp → γ ′ p ′ ) divided by the pointlike Klein-Nishina formula. R V (t) is measured to fall off as 1/t 2 at large t, consistent with PQCD and AdS/QCD counting rules, which in turn is consistent with what we do in our context. Details of the calculation are given in the next section, which is divided into parts describing the kinematics, the massless pure QED limit, the continuation of the GPD analysis to the timelike region, and the actual calculation and results. A summary and conclusions are offered in Sec. III.
II. CROSS SECTIONS AND ASYMMETRY

A. Kinematics
The process is
and for comparison, we also consider the same process with p andp replaced by µ + and µ − , respectively. The Mandelstam invariants can be defined as they are by Berends et al. [27] , namely Five of these variables are independent, and the sum is
where m is the mass of the hadron (or muon) in the final state, and we neglect the mass of the electron. The cross section for process (2) is [18] 
where |M| 2 is the matrix element summed over final and averaged over initial polarizations and we also use the notations
The solid angle Ω * gives the direction of the outgoing proton or µ + in the pp or µ + µ − rest frame and Ω gives the direction of the incoming electron in the e + e − rest frame. We define [18] the z axis as the negative of the direction of the visible outgoing photon, and define the x-axis from the transverse direction of the proton (or µ + ); see. The angle between the proton or µ + and the outgoing photon will be θ * , and the electron e − will enter at angles (θ, φ) in the e + e − rest frame. Thus The momenta are conveniently given using two lightlike vectors p and n with the property p · n = 1. Using these vectors,
In the e + e − rest frame,
while for the pp (or µ + µ − ) CM one chooses
In the pp (or µ + µ − ) rest frame the proton or µ + momentum is
while the electron momentum in the e + e − CM is
The kinematics is illustrated for the pp CM frame in Fig. 3 . The Mandelstam invariants t, u, t ′ , and u ′ are given in terms of Q, W , and the angles by
B. The Muon Case at Zero Mass
Our calculations keep the non-zero mass of the final hadrons and are hence valid even when s is close to threshold. The analytic forms for the cross section and asymmetry for non-zero mass are rather long and we do not show them. However, the massless limit for the pure QED calculation, Fig. 4 is relatively simple and valuable as a benchmark.
The matrix element for m = 0, summed over final and averaged over initial polarizations, splits into a factor related to the 2 → 2 process multiplied by a factor for the photon bremsstrahlung [27] ,
with
The simplicity of the above formula is a notable kinematic achievement, and more complicated earlier writings of the same quantity, for example in [13] , can be shown after the fact to agree with it.
We will give a sample result for the massless limit to show that the asymmetry we wish to observe can be quite large. The specific choices are: √ s = 8 GeV, | k| lab = 1 GeV (using "lab" to mean the e + e − rest frame), all particles in the x-y plane, and a 90
• angle between the entering electron and exiting photon in the lab. We plot in Fig. 5 the asymmetry
versus the angle θ eµ between the electron and positive muon in the lab (i.e., the lab analog of θ * ). This figure mimics one in [13] , and we have obtained it here both from Eqs. (14) and (15) above and from the massless limit of our full code. It shows that the asymmetry is close to 100% for a wide range of angles. 
C. Timelike Generalized Parton Distributions
In the Bjorken limit, Q 2 ≫ W 2 and q·(p H ±pH) ≫ W 2 , the analysis that relates deeply virtual Compton scattering to the generalized parton distributions [1, 28] can be applied in the timelike case. The relevant diagrams at the partonic level for the C even case are shown in Fig. 6 .
The antihadron in the final state can be thought of as a crossing of the initial state hadron from the usual DVCS.
Changing the appropriate sign from standard DVCS definitions, one has the momentum combinations
where
The amplitude corresponding to Fig. 6 is
α represents the freedom in choosing the loop momentum. For discussing timelike generalized distribution amplitudes, or generalized distribution amplitudes [20, 29] , we work in the Bjorken limit, and we choose a frame analogous to a standard choice for spacelike DVCS where the three-vectors for P and q are along the z-axis but in opposite directions. We can do this with a suitable choice of the lightlike vectors p and n, and the momenta are expressed as
with ξ ′ = ξ in the Bjorken limit. In the timelike case, ξ is limited in general by
i.e., ξ ≥ 1 in contrast to the spacelike case. Neglecting components that do not give large contributions in the Bjorken limit, the amplitude becomes
We have used the definitions of the timelike analogs of the generalized parton distributions [30, 31] ,
The arguments of H q , E q ,H q , andẼ q are (x, ξ, W 2 ). These arguments are standard when discussing GPDs, and the external variable ξ may of course be related to W and the angle θ * . In the Bjorken limit,
for cos θ * not too small. For somewhat different kinematics and for the pion case, one can also find timelike analogs of GPDs defined in [20, 29] .
The form factors R 
D. Hadronic model
The asymmetries, Eq. (1), arise from interference between the C-odd and C-even amplitudes. The hadronic vertex in the C-odd amplitude is the usual γpp single photon vertex with Dirac and Pauli form factors evaluated at W 2 , the four-momentum squared of the virtual photon for those diagrams.
For the hadronic part of the C-even diagrams, we have the form factors R V,T,A,P and here we will consider a simple model keeping only the R V form factor, given fully as
As in the spacelike case, one has the relation to the Dirac form factor,
A simple ansatz is that the t-dependence of R V (ξ, t) and F 1 (t) are the same. To get an idea of the size of the asymmetries that may exist, consider that up quarks dominate and that the explicit x and ξ dependent factors in the definition of R q V roughly doubles, on average, the magnitude of the result. Then,
We might remark that data for the spacelike case at ξ = 0, which is obtained from wide angle real Compton scattering, show that R V (0, t) drops less rapidly with increasing |t| than predicted by a model GPD based on F 1 (t), but is does not do so by a lot, and
is not bad for that situation [34] . We use the above approximation, Eq. (27) , in the calculations that give the plots shown in Fig. 7 . Traces are done using FeynCalc and Mathematica, and integrations over a range of final state variables are done using Fortran and Vegas. (Note that our modeling of the timelike GPDs is rather different from [20] .)
The asymmetries can be large when the kinematics are well chosen. Fig. 7 shows two asymmetry plots, one at s = 112 GeV 2 relevant for Belle or Babar energies and at s = 14.3 GeV 2 relevant for BEPC II energies. The asymmetries are for cross sections integrated over a stated range of angles, and plotted versus final hadronic mass W . Since the sign of the symmetry changes with φ, one should not integrate over more than half the range of that angle; if desired, one can integrate over fairly broad ranges of θ and θ * . For comparison, and to indicate the mass sensitivity for the selected s and W , the plots also include the asymmetries expected for the purely muonic case.
Another comparison, shown in Fig. 8 , follows from treating the C-even diagrams using only proton intermediate states, using Dirac and Pauli form factor structures at the two γpp vertices, and ignoring the extra form factors and extra form factor arguments that may appear when the intermediate proton is off-shell. We keep the F 2 1 and F 1 F 2 terms, where here in the dashed curves F 1 and F 2 are functions of q 2 and q is the 4 momentum of the virtual photon, and show the results in two plots that are similar to Fig. 7 in that the energies are relevant to Belle (or Babar) and BEBC II and the cross sections are integrated over a range of angles. Fig. 7 , using the C-even form factor RV (W 2 ) as described in the text, and the dashed curves calculated using a purely protonic model with form factors F1 and F2.
The charge asymmetries are largest when the outgoing photon is at a large angle to the line given by electron and positron momenta in the CM. Conversely, experiments that use radiative return to measure timelike form factors [16] often, though not invariably, keep the angle θ below 15
• or above 165
• in order to minimize contributions of final state radiation. The cross section drops about an order of magnitude as one changes θ from 15
• to the 90
• range, but the asymmetry increases, and the figure of merit (the cross section times asymmetry squared) stays roughly the same.
III. SUMMARY AND CONCLUSIONS
We have studied deeply virtual Compton production, γ * → γpp in the timelike region. The production amplitudes can be C = +, where both photons couple to the hadrons, or C = −, where only one photon couples to the hadrons. Interference between them allows measuring one relative to the other, and can be isolated by considering forward-backward e + e − or pp asymmetry. We have used a simple model, wherein one Compton form factor, R V , is kept and related to the Dirac form factor F 1 in a manner in agreement with data in the spacelike region. We have found that the asymmetry is quite large and measureable.
